Long-range interactions drive the rich phenomenology of quasiparticle collective states in the fractional quantum Hall (FQH) regime. We test for analogues in models of fractional Chern insulators (FCIs) derived from a screened Coulomb interaction. We find that the uniform FCI liquid is surprisingly robust to long-range interactions but gives way to a unidirectional charge density wave (CDW) of fractionally charged quasiparticles with increased screening length. Our results show that FCIs offer a robust and important platform for studying quasiparticles collective states. [11, 12] . These studies show that the richness of the quasiparticle phase diagram in the FQH regime derives from the long-range part of the Coulomb interaction between electrons.
FQH regime, the dominant screening mechanisms (e.g., finite thickness of the two-dimensional electron gas) only partially screen the short-range part of the bare electronelectron interaction, leaving a Coulomb tail [22, 23] . But if flat bands defining FCIs are to be found in materials, the basis must, by construction, be defined by band structure effects (e.g., interactions in combination with multiorbital states [20, 24] ), not strong magnetic fields. The relevant FCI interaction to study is therefore a Coulomb interaction that has its long-range part screened by band effects. It is currently unknown if FCIs and related quasiparticle collective states are too unstable, even for screened long-range interactions, to be found in nature. But promising work on related models [25] [26] [27] does suggest that FCIs might be robust.
In this Letter we study a screened Coulomb interaction in the FCI regime to explore stability of the quantum liquid and search for collective behavior of quasiparticles. We project a Yukawa potential, with a screening length λ, into the flat band used to define the FCI [17, 28] . We find that the FCI is surprisingly stable for screening lengths as large as 6 lattice spacings. We also find a transition to a unidirectional CDW, a stripe phase, as the screening length is increased into the Coulomb limit.
The stripe phase we find here is distinct from stripe phases of electrons normally discussed in the FQH regime. Mean field models of stripe states (stripes of electrons, not quasiparticles) were constructed to approximate the physics of high LLs at half filling in the FQH regime [8] [9] [10] . But our study systematically rules out large classes of mean field stripe models. Instead, we find that the instability to the stripe phase in the FCI Coulomb model is driven by the rearrangement of fractionally charged quasiparticles, from a uniform liquid into the stripe phase. The stripe phase we find here is akin to the stripe phases studied in the lowest LL driven entirely by inter-composite fermion interactions [11, 12] . Our findings have important consequences in the search for FCI physics in materials because we show that they are stable for large screening lengths and we have found at least one intriguing collective state of quasiparticles, arXiv:1409.5372v1 [cond-mat.str-el] 18 Sep 2014 a stripe state, derived from excitations of the FCI state itself. Model: We consider a single-particle basis derived from the following model on the checkerboard lattice [28] :
, where the fermion pseudospinor basis states are defined on sublattices A and B: ψ(k) ≡ (c k,A , c k,B ), the flat band Hamiltonian parameters are
, and σ are the Pauli matrices. We work in the lowest flat band.
Recent work found numerical evidence for a gapped uniform quantum liquid at a filling of 1/3 by projecting the nearest neighbor Hubbard interaction into the lowest flat band defined by d i [13] [14] [15] . The resulting state, in direct analogy to Laughlin states, demonstrates a fractionalized Chern number and should, in principle, exhibit a FQH effect if found in electronic materials. The role of long-range interactions derived from the Coulomb interaction remains a key issue.
To study the interplay between screening and FCIs we consider a model defined by a Yukawa interaction:
where P projects into the lowest flat band and n i is the fermion number operator. Both r ij (the inter-site separation) and λ (the screening length) are in units of the spacing between the A and B sublattices. The energy unit is set to be the strength of the nearest neighbor interaction, i.e., we set V = exp(1/λ)[e 2 / ], to ensure that the λ → 0 limit of H reduces to the nearest neighbor interaction. Here is the dielectric constant. In this model, the interaction can be continuously tuned between the nearest neighbor limit (λ → 0) and the Coulomb limit (λ → ∞). It is crucial to note that, without projection, the model is classical (i.e., the Hamiltonian is diagonal and the density operators commute) and would be expected to reveal degenerate classical crystals, e.g., Wigner crystals [29] . But P leads to off-diagonal terms in the Hamiltonian matrix and non-commuting density operators that may lead to nontrivial quantum many-body states. In the following we study the eigenstates of Eq. (1) at N/N s = 1/3 filling on a periodic L x × L y lattice, where N s is the number of sites. Energetics: We numerically diagonalize Eq. (1) using the Lanczos algorithm. We study N = 6, 8, and 10 for L x × L y = (N/2) × 6. We are limited to N ≤ 10 because larger Hilbert space sizes are prohibitive. Nonetheless, our system sizes explore a sizable Hilbert space, 3 × 10 7 basis states for 10 particles. We find uniform FCI states with the requisite 3-fold degeneracy and robust gaps in the nearest neighbor limit, λ → 0. But the Coulomb limit reveals an entirely different state. of Eq. (1) in the Coulomb limit. Similar results were obtained for all accessible N and large λ. The 5-fold degeneracy found here contrasts with the 3-fold degeneracy expected for a FCI state. The top panel of Fig. 2 depicts the evolution of the low energy spectrum as a function of the screening length. The low λ limit shows a FCI liquid with 3 degenerate ground states that start to energetically split as the longrange part of the interaction is enhanced. We interpret the splitting as being due to quasiparticles that enlarge with increased screening length and begin to overlap in our finite size calculation. Nonetheless, the gap between the FCI states and the continuum survives up to λ ≈ 6.5 where a transition to a 5-fold degenerate state is found. We found the same transition in the regime λ = 3.2 − 6.5 for all system sizes.
The degenerate ground and excited states in Figs. 1-2 at first suggest the formation of classical crystals for λ > 6.5. But below we show that the states we find are distinct: They are unidirectional CDWs of quasiparticles and are therefore highly entangled quantum many-body states. The following sections first study the spatial symmetry of the charge order and then show that the stripe state derives from ordering of quasiparticles instead of the original single-particle basis states. Stripe Order: We now study the symmetries of the charge order as a function of the screening length. We use the static structure factor:
where the tilde indicates projection to the lowest flat band of the single-particle Hamiltonian. We have verified that the low λ side of the transition demonstrates uniform ground states, i.e., there are no peaks in the structure factor. But in the large λ regime we find a peak at q = (π, 0) in the structure factor indicative of unidirectional CDW order, i.e., a stripe state, aligned along the y-direction. We have checked that the unprojected structure factor leads to qualitatively similar results. The bottom panel of Fig. 2 shows the evolution of the structure factor peak with screening length. For low λ the structure factor remains at its background value until an apparently first order transition at λ ≈ 6.5. (We note that the transition is softer for N < 10) The peak of the structure factor here occurs at, (4π/5, 0). Different system sizes allow different values for the peak. But the peak of the structure factor is centered around q = (π, 0) for all of our system sizes. Fig. 3 plots the structure factor by overlaying the N = 8 and 10 calculations. The top (bottom) panel indicates the uniform FCI state (stripe state). In the bottom panel, lattices with N = 8 and 10 particles show peaks at q = (π, 0) and (4π/5, 0), respectively. We conclude that that the peak location converges to q = (π, 0) for large system sizes. The orientation of the stripe order rotates, from (π, 0) to (0, π), by inverting the aspect ratio. Tests of Effective Theories: To understand the nature of the stripe phase we tested three different effective the- ories. If the stripes originate from ordering of singleparticle basis states (not quasiparticles) we should be able to quantitatively capture the essential physics of the ground state and low energy excitations in the Coulomb limit with the effective theory derived as simple limits of Eq. (1). To implement this strategy, we compared the spectra and eigenstates of the effective theories to those of Eq. (1).
We first considered a classical model derived by dropping off-diagonal terms in Eq. (1), H c ≡ i =jñ iñj /(2r ij ). We found, by direct comparison, that the low energy states of H c occur at different momenta and do not capture the low energy physics of H. We therefore conclude that off-diagonal terms play an important role in defining the low energy states of Eq. (1), even for large λ.
Next, we considered a model of stripe states with offdiagonal terms. We added anisotropic hopping and inter-action terms to test the validity of a 1D array effective theory: −t i,j r i,j ·ŷ(c † ic j + h.c.)
, where t and c < 1 are fitting parameters. The unit vectorsr i,j andŷ define an anisotropic interaction that favors stripes aligned along the y-direction. For large c this theory can be thought of as weakly coupled Luttinger liquids [30] . We could not find a set of fitting parameters that qualitatively reproduced the low energy spectrum of H.
As a third test we also added the leading off-diagonal terms of H to H c . We found that there is no clearly dominant off-diagonal term, i.e., many qualitatively distinct terms are of the same order. Nonetheless, we added the largest off-diagonal terms: conditional hopping terms of the formc † x,yñx,y±1cx±1,y + h.c., to H c . This effective theory did not yield qualitative agreement either.
From these tests we have ruled out the simplest descriptions of the stripe states in terms of single-particle basis states. The excitations of the FCI are fractionally charged quasiparticles [15] . It is therefore feasible that the stripe state is a CDW of fractionally charged quasiparticles. We test this hypothesis with two calculations: 1) we perform a flux insertion [13] [14] [15] (twisted boundary condition) calculation in the stripe phase and 2) we explicitly compute the charge of each stripe. Fractionally Charged Quasiparticles: We now test the charge of the particles making up the stripe state. Laughlin's gauge argument [31] points out that flux inserted along a cylinder axis induces perpendicular current in surface charge. Gauge invariance implies that the periodicity of the spectra with respect to the flux reveals the charge of quasiparticles because we can make the replacement eA → e * A, where A is the vector potential and e * is the renormalized charge. An added condition, a spectral gap, allows for adiabatic spectral flow [32] . When both conditions are met they imply a quantized Hall resistance with a value dictated by the charge of the quasiparticles [31] [32] [33] .
The top panel of Fig. 4 shows adiabatic spectral flow with respect to flux insertion in the FCI regime but with the screened Coulomb interaction, λ = 1. Here a test flux is inserted along the x direction. The persistence of the gap and the 3Φ 0 periodicity imply a Hall conductivity quantized at 1/3. Our results therefore show that the FCI (a uniform incompressible liquid of quasiparticles) is favored for interactions with a non-zero screening length, λ < ∼ 6.5. The bottom panel of Fig. 4 shows representative flux insertion data that reveals a different state in the Coulomb limit: a compressible stripe phase of fractionally charged quasiparticles. Here we have also inserted flux along the x-direction, perpendicular to the stripes, so that the flux pumps charge parallel to the stripes. But here the stripe phase displays level crossing of all 5 degenerate states when the flux is an integer multiple of Φ 0 . We find that the stripe phase is compressible and does not have a quantized conductivity. But the stripe phase does show a 3Φ 0 periodicity in the entire spectrum. Gauge invariance therefore implies that we can interpret the ground state as stripes of 1/3 charged quasiparticles.
To further show that the stripes are composed of quasiparticles, we explicitly compute the charge of a single stripe. The stripe state should spontaneously break translational symmetry. We add a small symmetry breaking term to Eq. (1): j j n j , where j is non-zero only if r i0,j ·x is an integer multiple of the stripe spacing, d s . Here i 0 is chosen to be the site at the origin and d s is obtained from the structure factor. For small perturbations we obtained the same stripe density pattern regardless of our choice for j , i.e., the stripes spontaneously break the C 4 lattice symmetry.
The inhomogenous density allows us to compute the charge of the stripe:
N qp e * e = i∈R (ñ i − ρ 0 ), (2) where N qp is the number of quasiparticles, ρ 0 = 1/3 is the density of the uniform liquid and the region R defines summation over a single stripe by choosing sites with density larger than ρ 0 . Using Eq. (2) we find e * /e = 1/3 to within numerical accuracy. For example, for N = 8 and d s = 2 we find that two 1/3 charged quasiparticles make up each stripe. We have therefore found that increasing the screening length eventually destroys the uniform liquid of quasiparticles in favor of a stripe phase of fractionally charged quasiparticles.
Summary:
We have constructed and tested a model of FCIs that includes a priori screening of the underlying Coulomb interaction. Adiabatic flux insertion shows that the quantization of fractional conductivity in the FCI state survives for sizable screening lengths. The perseverance of the FCI state (and its quasiparticles) allowed a transition to an intriguing stripe phase of fractionally charged quasiparticles. Our results show that some of the rich structure found in the FQH regime, e.g., stripes of of quasiparticles, is also possible in the FCI regime.
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